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Axisymmetric Breakdown of a Q-Vortex in a Pipe

Z. Rusak,¤ C. H. Whiting,† and S. Wang‡

Rensselaer Polytechnic Institute, Troy, New York 12180-3590

Necessary and suf� cient conditions for the axisymmetricbreakdown of a Q-vortex in a pipe are presented. These
unique calculations are guided by a recent rigorous theoretical approach on this subject (Wang, S., and Rusak,
Z., “The Dynamics of a Swirling Flow in a Pipe and Transition to Axisymmetric Vortex Breakdown,” Journal
of Fluid Mechanics, Vol. 340, 1997, pp. 177–223). The fundamental characteristics that lead to vortex instability
and breakdown in high-Reynolds-number swirling � ows are computed from the solutions of a single, nonlinear,
reduced-order, ordinary differential equation, representing a columnar � ow problem. The breakdown criteria for
the Q-vortex for various core radii and jet/wake axial � ow pro� les are described. Results show good agreement
with available experimental data of axisymmetric breakdown in swirling � ows in a pipe. The correlation between
the present results and other criteria for vortex breakdown is also discussed.

Nomenclature
E = � ow force functional; Eq. (6)
E = energy functional;Eq. (4)
H = total head function
I = extended circulation function, K 2=2
K = circulation function, rv
K0 = inlet circulation function
p = pressure
Re = Reynolds number
Ro = Rossby number
r = radial distance from vortex axis
rb = breakdown zone radius
rc = vortex core radius
rt = pipe radius
u = radial speed, ¡Ãx =r
v = circumferentialspeed
w = axial speed, Ãy

x = axial distance, scaled with rt

x0 = pipe length, scaled with rt

y = r 2=2
yb = separation zone size, r 2

b =2
®0; ¯0 = helix angles for velocity and vorticity vectors
¯ = vortex core radius parameter; Eq. (1)
± = jet/wake parameter; Eq. (1)
½ = density
Á = eigenfunction;Eq. (7)
Ã = stream function
Ä = angular speed at vortex centerline,!¯
! = vortex swirl ratio
!B = Benjamin6 critical swirl ratio
!0 = threshold critical swirl ratio
!1 = critical swirl ratio
!¤ = threshold swirl ratio for columnar problem (5)

Subscripts

exp = experimental
g = partial differential equation (2) global minimizer
max = maximal value
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s = ordinary differential equation (5) global minimizer
th = theoretical
x; y = derivative with x or y

Introduction

T HE breakdownof vortexcores in a pipe has become the topicof
many studies in recent years. A signi� cant and abrupt change

in the vortex structureoccurs when the swirl ratio (the ratio of maxi-
mum circumferentialto axial speeds) of the incoming � ow is above
a certain value.1– 4 For combustion with swirl, vortex breakdown
may help in � ame stabilization and increase the combustion ef� -
ciency. Investigation of swirling � ows in a pipe may also identify
basic mechanisms of vortex destabilization and help to predict the
onset of breakdownin aerodynamicproblems such as around swept
wings operating at high angles of attack. Several review papers on
the subject show that vortex breakdown is still considered a basic,
largely unexplained process with a variety of technological appli-
cations and scienti� c interests.1– 5

Theoretical analyses of vortex breakdown concentrated on the
axisymmetriccase. Several explanationswere proposed: the critical
state concept,6 the solitary trapped-wave approach,7 ;8 the special
state of a semi-in� nite stagnation zone,9 the analogy to boundary-
layer separation,1 ;10 the nature of swirling � ow states in a diverg-
ing pipe,11 and the appearance of hydrodynamic instabilities.12;13

Some of the approaches show a possible relationship between the
axisymmetric breakdown and the critical state concept.6 However,
the relations are not complete from either the theoretical standpoint
or the applicationof the ideas to real � ows in pipesor around wings.
Moreover, normal-mode stability analyses12 ;13 show no clear rela-
tion with the breakdown process.3

A variety of numerical studies were also carried out to simu-
late vortex breakdown.14 – 19 They demonstrated that axisymmetric
breakdown solutions may be found and showed some similarity
with the physical situation but did not clarify the mechanism lead-
ing to this complicated process. In an effort to further understand
the phenomenon, Beran and Culick20 constructedvarious branches
of numerical solutions of axisymmetric swirling � ows in a pipe.
The stability characteristics of these solutions have recently been
studied.21;22 These works provide an important insight into the
breakdown process, speci� cally, with regard to the possible rela-
tionship between the � ows stability and their breakdown that was
not described in any of the theoretical approaches.6– 13

Using the results from experimentaldata2– 4 and numerical simu-
lations,14– 18 Spall et al.23 suggested a criterion for the breakdown
of vortex � ows in terms of the � ow Rossby number Ro D wc=rcÄ.
Here, rc is the radial distance from the vortex axis of the maximum
swirl velocity,Ä is the angular speed at the axis, and wc is the axial
speedat rc .They foundthat, for � ows with Reynoldsnumbers(based
on wc and rc) greater than 100, vortex breakdown occurs when
Ro < 0:65. This empirical criterion indicates that the appearanceof
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breakdown is probably related to global dynamical conditions and
is not strongly affected by small viscosity or turbulence.

In another inviscid approach, Brown and Lopez24 proposed a
positive feedbackmechanism between the divergenceof the stream
functionsurfacesnear the vortex axis and the generationof negative
azimuthal vorticity that leads to the formation of a free stagnation
point. The mechanism relates between the helix angles ®0 and ¯0

for the velocity and vorticity vectors at some upstream station. A
stagnationpoint appearsonly when ®0 > ¯0 . This conditionis equiv-
alent to the requirement H 0 > 0 near the vortex axis,25 where H 0 is
the derivative of the total head function with the stream function.
It means that a stagnation point appears along the centerline only
when the total head is minimal at the axis.

However, the mechanism24 is only a necessary process for the
appearanceof a breakdown point but not suf� cient. It can be shown
that in certain vortex � ows that de� nitely satisfy the Brown and
Lopez24 criterionbreakdownstatesmay appear,but theyareunstable
andconvectedoutof thepipe,and the � owreturnsto anear-columnar
state. In the study of vortex breakdown we are also interested in
the critical conditions where the breakdown states are both steady
and stable, and those are not described by the Brown and Lopez24

mechanism and criterion.
The experimental studies2 – 4 also show that swirling � ows enter-

ing a pipe are characterized by a circumferential velocity compo-
nent v, with a solid-body rotation near the centerline and a decay
of swirl outside the rotational core, and by a jet pro� le for the axial
velocity w. These vortex � ows may be described by the Q-vortex
model2;4

v.r/ D .!=r/
¡
1 ¡ e¡¯r 2 ¢

; w.r/ D 1 C ±e¡¯r2
.1/

where ¯ is related to the ratio of vortex core radius over pipe radius
rc=rt D 1:12=

p
¯ . The parameter ± represents the nature of the axial

speed pro� le; when ± > 0, the axial � ow has a jet-like pro� le, and
when ± < 0, it hasa wake-likepro� le. Inmost of thepipe� ows, ± > 0
at the pipe inlet. The Q-vortex model can also describe the trailing
vortices behind � nite wings or the tip vortices of rotating blades,
where ± < 0, or approximate the leading-edgevortices above swept
wings, where typically ± > 1. Despite being a basic model of great
interest in a variety of applications,the breakdowncharacteristicsof
the Q-vortex were not studied in previousworks. One of the reasons
for this may be the absence, until recently, of a general theoretical
method to predict breakdown.

Recently, Wang and Rusak26 and Rusak and Wang27 have pre-
sented a novel theory that describes the axisymmetric vortex break-
down process. The approach is based on a rigorous study of
the dynamics of swirling � ows in a � nite-length straight pipe as
given by the axisymmetric and unsteady Euler equations. Cer-
tain boundary conditions that may re� ect the physical situation in
experiments2¡5;28 are used. The analysis studies the growth rate of
an initial perturbation as it relates to the special stability character-
istics found by Wang and Rusak,29;30 as well as the relation of the
� ow time-asymptoticbehaviorto steady-statesolutions.26 There ex-
ist two critical swirl ratios of the incoming � ow to the pipe, !0 and
!1, where !0 < !1 . Columnar � ows with a swirl ratio less than the
threshold level !0 are unconditionally stable to any axisymmetric
disturbance.In the range !0 < ! < !1 , the � ow may evolve into one
of two steadystates,dependingon the size of the initial disturbances.
When disturbancesare suf� ciently small, they decay in time and the
� ow returns to be columnar, but, when disturbances are large, they
grow and evolve into a large and steady, semi-in� nite stagnation
zone, similar to the breakdownstates found in very-high-Reynolds-
number � ows.5 When ! > !1, any initial disturbance grows and
evolves into a breakdown zone.

These special stability characteristicsare related to the propaga-
tion upstream of both small- and large-amplitude disturbances and
their interaction with the � ow conditions downstream of the vor-
tex generator. The disturbances tend to propagate upstream with a
speed that increases with !. When ! < !1 , small disturbances are
convectedby the axial � ow out of the pipe, and the columnar � ow is,
therefore, stable. However, when ! > !1 , small disturbances tend
to move upstream. Because the � ow out of the vortex generator
at steady operation is � xed, the disturbances cannot move through

it. They become trapped, grow, and stabilize as a large and steady
stagnationzone. These large-amplitudezones also tend to move up-
stream as ! changes, but, when ! < !0, they are convected by the
axial � ow out of the pipe, and the � ow returns to be columnar.

These results clarify the mechanism leading to the axisymmetric
vortex breakdown in high-Reynolds-number � ows. As the incom-
ing swirl ratio is increased above !0 and is near or above !1, the
columnarvortex loses its stability to axisymmetricdisturbancesand
evolves into a breakdown state. The theory explains the sudden and
abrupt nature of the process, speci� cally around !0 , where a large
separationzone may suddenly appear in the � ow as swirl increases.
It also clari� es the role of the critical state at !1 , where a columnar
vortex becomes unstable as swirl increases, and that at !0 , where
axisymmetricbreakdownstatesbecomeunstableas swirl decreases.
Therefore, !0 is a threshold level for breakdown states, and ! > !0

is a necessaryconditionfor a steady and stable axisymmetricbreak-
down; ! > !1 is a suf� cient condition for breakdown.

Analysis of the effect of slight viscosity on the � ow dynamics
shows that when the Reynolds number Re is suf� ciently high the
inviscid instability/transition mechanism is dominant.31 This dy-
namical behavior matches the simulations21;22 for high-Reynolds-
number laminar � ows. The establishment of long and nearly stag-
nant breakdown zones as the Reynolds number increases is also
found in the simulations. However, when the Reynolds number is
less than a certain value, both the analysis31 and simulations19 – 22

show that the instability mechanism disappears and breakdown de-
velops as a disturbance that gradually grows with the increase in
the incoming swirl ratio. Also, the simulations21 demonstrate that
the separation zone becomes a closed bubble with an internal � ow
structure as the Reynolds number decreases, similar to the states
found in laminar � ow experiments.2 – 5 Yet, the threshold swirl for
breakdown does not change signi� cantly with Reynolds number,21

and the inviscid value !0 may provide a good estimate for the
� rst appearance of breakdown in low- and high-Reynolds-number
� ows.

Rusak and Wang27 demonstratedthat the theory26 uni� es the pre-
vioustheoreticalapproaches6 – 13 and numericalstudies19– 22 and � lls
the relations between them. It provides, for the � rst time, a general
and simple framework in which computationsof conditionsfor vor-
tex breakdown can be conductedand can be applied to any relevant
vortex � ow including experimental pro� les. A brief review of the
methods to compute the critical swirl ratios is described in the fol-
lowing sections. The methods are extended to calculate the neces-
sary and suf� cient conditions for the axisymmetric breakdown of a
Q-vortex in a pipe.

From a computationalpoint of view, the analysis of the Q-vortex
model (1) is much more complicated than the analyses of the Rank-
ine or the Burgers vortex models described in Refs. 26 and 32. Un-
like the later models, in the case of the Q-vortex the axial velocity
pro� le (1) cannotbe invertedin a direct analyticalmethod to give the
function y.Ã/ needed later in Eqs. (10). This functionhas to be com-
puted numerically as part of the computational process of solving
the differential equations and calculating the critical swirls !0 and
!1 (see Ref. 33). Also, the results for the Rankine26 and Burgers32

vortices demonstrate the relation between the theory26 and the nu-
mericalsimulationsof vortexbreakdownbutcannotbedirectlycom-
pared with experimental data. The results for the Q-vortex model
presented in this paper are relevant for the experimental � ows de-
scribed in Refs. 3 and 34 and demonstrate the relation between the
theory26 and the experiments.

It should be clari� ed that the breakdown of high-Reynolds-
number swirling � ows is a large-scale change in the � ow struc-
ture. Therefore, it is expected, as well as demonstrated in various
experimental,2 – 4 computational,19 – 22 and theoretical31 studies, that
the effect of small viscosity on the � ow behavior is quite limited,
and the breakdown process is primarily governed by the convective
effects. This comment may also be relevant to the mean � ow behav-
ior of very-high-Reynolds-number turbulent � ows. Notice, again,
the similarity between the open separation zone predicted by the
theory and the open breakdown zones found recently by Sarpkaya5

in turbulent swirling � ows. Therefore, it is expected that the present
study provides relevant results for high-Reynolds-numberswirling
� ows, including turbulent � ows of practical applications.
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Only a small number of experimental studies on vortex break-
down in pipes2 ;3 ;33 provide detailed inlet � ow pro� les that can be
analyzed by the theory. Most of the experimental reports provide
only external conditionswith no detailed � ow pro� les near the vor-
texcore,whichdominatethe breakdowncharacteristics.The present
results can guide future experimental studies on vortex breakdown.

Method to Compute !0

The method to compute !0 results from the nature of solutionsof
the Squire–Long equation (SLE) (resulting from the axisymmetric,
steady-state Euler equations)

Ãyy C Ãxx =2y D H 0.Ã/ ¡ I 0.Ã/=2y .2/

with boundary conditions

Ã.x; 0/ D 0; Ã
¡
x; 1

2

¢
D Ã0

¡
1
2

¢

(3)
Ã.0; y/ D Ã0.y/; K .0; y/ D !K0.y/; Ãx .x0; y/ D 0

Here, y D r 2=2, Ã.x; y/ is the stream function and Ã0.y/ and
!K0.y/ are the inlet stream function and circulation pro� les. H D
p=½ C .u2 C w2 C v2/=2 is the total head function, and I D K 2=2
is the extended circulation, and both are functions of Ã only. Solu-
tions of the SLE correspondto the extremumpoints of the following
energy functional9:

E.Ã/ D
Z x0

0

Z 1
2

0

"
Ã 2

y

2
C Ã 2

x

4y
C H .Ã/ ¡

I .Ã/

2y

#
dy dx .4/

It has been shown26 that the solution Ãg.x; y/ that globally mini-
mizes E.Ã/ is dominated by the solution Ãs.y/ of the columnar,
ordinary differential equation (ODE) problem

Ãyy D H 0.Ã/ ¡ I 0.Ã/=2y; Ã.0/ D 0; Ã
¡

1
2

¢
D Ã0

¡
1
2

¢

(5)

that globally minimizes the variational � ow-force functional6

E.Ã/ D
Z 1

2

0

"
Ã2

y

2
C H .Ã/ ¡

I .Ã/

2y

#
dy .6/

Thereexistsa certainswirl level!0 .When! < !0 , theglobalmin-
imizer solutionof the ODE (5) is the base inlet � ow, Ãs.y/ D Ã0.y/,
which implies that theglobalminimizer solutionof theSLE (2) is the
columnar� ow Ãg.x; y/ D Ã0.y/. However,when ! > !0, theglobal
minimizer solution Ãs.y/ of the ODE (5) is quite different from
Ã0.y/, with E [Ãs .y/] < E[Ã0.y/]. This solution contains a sepa-
ration region in the domain 0 · y · yb . Then, the global minimizer
solutionof the SLE (2) describesa vortexbreakdownstate, which is
a transition along the pipe axis from an inlet state Ãg.0; y/ D Ã0.y/
to a lower energy outlet state Ãg.x0; y/ D Ãs.y/. Conservation of
momentum considerations show that when ! > !0 the difference
in � ow force

E[Ã0.y/] ¡ E[Ãs.y/] D
Z 1

2

0

Ã2
x .0; y/

2y
dy

creates a radial � ow across the pipe inlet to develop the separation
zone.

The solutionthat globallyminimizes E.Ã/ dependson the choice
of a continuation model in the separation zone. The inviscid32 and
viscous21 simulationsshow that, starting from initial conditionsof a
perturbed columnar state, the � ow always evolves with no reversed
� ow along the outlet or inside the pipe domain and a stagnation
zone naturally appears when ! > !0 and as time tends to in� nity.
It, therefore, seems plausible to choose a stagnation model in the
search of solutions of SLE (2) and ODE (5).

To compute!0 it is, therefore,necessaryto � nd all of the solutions
of the ODE (5) for a given !, including solutions with a stagnation
zone around the centerline. Then, the integral E .Ã/ [Eq. (6)] is
computedfor each solutionandcomparedwith the integral E .Ã0/ of
thebase inletstatewith thesame!.The swirl level,where E.Ã/ is no
longer minimized by the base inlet vortex state or where there exists

anothersolutionÃs.y/ with E[Ãs.y/] D E [Ã0.y/], is the bifurcation
swirl !0 , which is the threshold level for the appearance of steady
and stable axisymmetric vortex breakdown states.

Method to Compute !1

Wang and Rusak26 showed that the critical swirl ratio !1 for a
swirling � ow in a � nite-length pipe is the � rst eigenvalue of the
linearized problem resulting from Eq. (2),

Áyy ¡
³

¼ 2

8x2
0 y

C Ã0yyy

Ã0y
¡ !2 K0 K0y

2y2Ã2
0y

´
Á D 0

Á.0/ D 0; Á
¡

1
2

¢
D 0 (7)

For a swirling � ow in a long pipe, where x0 À 1, this critical level
approaches Benjamin’s6 critical swirl !B that is found from the
linearized columnar problem resulting from Eq. (5),

Áyy ¡
³

Ã0yyy

Ã0y
¡ !2 K0 K0y

2y2Ã 2
0y

´
Á D 0

Á.0/ D 0; Á
¡

1
2

¢
D 0 (8)

For most of the practical cases the pipe is considered suf� ciently
long, and !1 is approximated by !B .

Conditions for the Axisymmetric
Breakdown of a Q-Vortex

In the case of the Q-vortex model (1), the following relations are
found:

Ã0.y/ D ±

2¯
C y ¡ ±

2¯
e¡2¯ y; !K0.y/ D !.1 ¡ e¡2¯y / .9/

Therefore, it can be shown that

I 0.Ã/ D 2¯!2
¡
1 ¡ e¡2¯ y.Ã/

¢
e¡2¯y.Ã/

(10)

H 0.Ã/ D
I 0[y.Ã/]

2y.Ã/
¡ 2¯±e¡2¯ y.Ã/

where the function y.Ã/ can be computed from Eq. (9) for every ¯
and ±. For � xed values of ¯ , ±, and !, Eq. (5) is numerically inte-
grated using a standard differential equation solver from the NAG
Fortran routines.We look for solutionsofEq. (5) where, speci� cally,
0 · Ã · 1

2 in the domain 0 · y · 1
2 and a stagnation region with

Ã D 0 may appear in the solution in a � nite region 0 · y · yb and
where Ã.yb/ D Ãy.yb/ D 0. Equation (5) together with these condi-
tions at y D yb completely speci� es a free boundary value problem
from which the size of the stagnation zone yb may be determined
as a function of the swirl level. Details of the computational meth-
ods to solve this problem are given in Ref. 33. It is important to
notice that there exist other solutions of Eq. (5) with reversed � ow
regions, where Ã < 0 in a certain region of the domain .0; 1

2
/ when

a different continuationmodel is used. However, those are not rele-
vant to the steady-statesolutionsof the time-dependentinviscid� ow
problem.

Typical solutions of Eq. (5) for various values of ! are presented
in Figs. 1a and 1b for ¯ D 4:0 (rc=rt D 0:56) with ± D 1:0 and
± D ¡0:5, respectively. Computations for other values of ¯ and ±
show similar results.We � nd that, for any ¯ and ±, in addition to the
base solutionÃ0.y/ thereexist two other typesof solutionsthat meet
the preceding requirements: type I, where Ã.0/ D 0 but Ãy.0/ > 0,
and type II, where Ã.0/ D 0 in the domain 0 · y · yb (stagnation
region) and Ãy.yb/ D 0. We also � nd that there exists a certain level
of swirl !¤.¯; ±/, where for ! < !¤.¯; ±/ only the base solution
exists. The swirl level !¤.¯; ±/ is a bifurcation point of solutions
of Eq. (5). At ! D !¤.¯; ±/, we � nd two solutions: One is the base
solution, and the other is a special solution of type II. When ! is
slightly greater than !¤.¯; ±/, three solutions are found: One is the
base solution, and the other two, Ã1.yI !; ±/ and Ã2.yI !; ±/, have
large and small stagnation regions, respectively.When ! is further
increased, the branch of Ã1.yI !; ±/ solutions of type II describes
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Fig. 1a Solutions of Eq. (6) when ¯ = 4:0 and ± = 1:0.

Fig. 1b Solutions of Eq. (6) when ¯ = 4:0 and ± = ¡¡ 0:5.

larger stagnationzones,whereas the branchof Ã2.yI !; ±/ solutions
with the small stagnation zone changes naturally into solutions of
type I. The latter branch approaches the trivial solution as ! ap-
proaches the critical bifurcation point !B .¯; ±/, discussed earlier.

For each one of the solutions of the ODE (5), E [as given by Eq.
(6)] can be calculated (see Ref. 33 for more details of these com-
putations). Typical results are shown in the bifurcation diagrams
(Figs. 2a and 2b) for the case ¯ D 4:0 with ± D 1:0 and ¡0:5, re-
spectively.Similar bifurcationdiagrams can be constructed for any
value of ¯ and ±. It can be seen that there exists a certain level of
swirl de� ned as !0 for which E.Ã1/ D E.Ã0/ and across which the
solution that minimizes E .Ã/ is changed. When !¤ < ! < !0, we
� nd E.Ã2/ > E.Ã1/ > E.Ã0/, whereas for !0 < ! < !B , we � nd
E.Ã2/ > E.Ã0/ > E.Ã1/. It can be concludedthat Ã0.y/ is a global
minimizer of E.Ã/, when ! < !0 , whereas Ã1.yI !; ±/ is a global
minimizer of E .Ã/, when ! > !0 . It can also be shown that, in the
region !0 < ! < !B , the solution Ã2.yI !; ±/ is a min–max point
of E.Ã/. When ! > !B , we have E.Ã0/ > E.Ã2/ > E.Ã1/, which
implies that in this range the base solution Ã0 is a min–max point
and the solution Ã2 is a local minimizer of E.Ã/.

These results show behavior similar to the theoretical discussion
on the Rankine vortex model described in Ref. 26 and on Burgers’
vortex [where in Eq. (1) ± D 0] described in Ref. 32.

The bifurcation diagrams in Figs. 2a and 2b can now be used
to describe the steady-state solutions of SLE (2) with conditions
(3). When ! < !0, only one steady-state solution will develop that
describes a columnar � ow. When !0 < ! < !1, we may � nd three
steady-state solutions.One describesa columnar � ow and is a local
minimizer of E.Ã/. The second describes a swirling � ow with a
localized stagnation zone that disappears as ! is increased toward
!1 and is a min–max point of E.Ã/. The third solution describes a
swirling � ow around a stagnation zone and is the global minimizer
of E.Ã/. The size of the stagnation region in the latter solution
corresponds to that of the separation zone yb of the ODE solution
Ã1.yI !/ and increases as ! is increased.

Fig. 2a Bifurcation diagram of solutions of Eq. (6) for ¯ = 4:0 and
± = 1:0.

Fig. 2b Bifurcation diagram of solutions of Eq. (6) for ¯ = 4:0 and
± = ¡¡ 0:5.

We can now conclude, through considerations of the stability
analysesof Wang and Rusak,29;30 that only the local and globalmin-
imizer solutions are linearly stable to axisymmetric disturbances,
whereas the min–max solutionsare unstable.Therefore,with regard
to solutions of the problem de� ned by Eqs. (2), we � nd that, when
! < !0 , only one-steady state solution that is a columnar swirling
� ow can develop. When !0 < ! < !1 , two steady-state solutions
may develop, dependingon the initial disturbances to the base � ow.
When ! > !1, we � nd that the � ow will always develop into the
steady breakdown state described by the global minimizer solution
of Eq. (2). We can infer that steady breakdown solutions can be
found only when ! > !0 , and when ! > !1, such breakdown solu-
tions will always develop.

For the Q-vortex model, the values of the swirl ratios vmax=w0

[where vmax D v.r D rc/ D 0:638!
p

¯ and w0 D 1 C ± is the axial
speed at the centerline] that correspond to the threshold swirl !0

and the critical swirl !1 as functionof the ratio of vortex core radius
over pipe radius, rc=rt D 1:12=

p
¯ , are presented in Figs. 3a and 3b

for ± D 1:0 and ¡0:5, respectively. It can be seen that as the vortex
core radius over pipe radius is reduced the threshold and critical
swirl ratios for breakdown also decreasebut the differencebetween
them increases.Notice that � nite limit values of the the two special
swirl ratios are found when rc=rt approaches zero (or ¯ tends to
in� nity). These limit swirl ratios may be used as breakdown criteria
for a free Q-vortex in an unbounded domain.

The values of the swirl ratio vmax=w0 that correspond to !0 and
!1 as function of the axial � ow jet/wake parameter in the range
¡1 < ± · 1 are presented in Figs. 4a and 4b for ¯ D 4:0 (rc=rt D
0.56) and ¯ D 32:0 (rc=rt D 0:20), respectively. It can be seen that,
as ± increases, the swirl ratios vmax=w0 approach constant values,
whichalsodependon ¯. For a small core vortexthese thresholdswirl
ratios approach a value about 0:6 as ± increases. This limit swirl
level may be used as a breakdown criterion for a free vortex with a
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Fig. 3a Breakdown criteria for a Q-vortex when ± = 1:0.

Fig. 3b Breakdown criteria for a Q-vortex when ± = ¡ 0:5.

Fig. 4a Breakdown criteria for a Q-vortex when ¯ = 4:0.

Fig. 4b Breakdown criteria for a Q-vortex when ¯ = 32:0.

strongaxial jet, suchas the leading-edgevorticesabovesweptwings.
When ± < ¡0:6, the threshold swirl ratio for breakdown increases
signi� cantly. However, in such axial shear � ows of strongwake-like
nature, other effects may appear, and their interactionwith the swirl
may result in additional interesting phenomena that should also be
carefully studied but are beyond the scope of this paper.

Figures 3 and 4 provide for the � rst time guiding criteria for the
appearance of the axisymmetric breakdown in a Q-vortex entering
a pipe.

Comparisons with Experimental Data
and Other Criteria

The described methodology is now used to compare the theo-
retical predictions for the axisymmetric vortex breakdown with ex-
perimental results for Q-vortices reported by Garg and Leibovich34

and Leibovich.3 For each of the Q-vortices reported in these exper-
iments, the correspondingvalues of ¯ and ± that characterize those
pro� les may be computed.Using these values, we compute the crit-
ical swirl levels !0.¯; ±/ and !1.¯; ±/. The results are summarized
in Table 1. It can be seen that, for all incoming experimental � ows,
where axisymmetricbreakdownoccurred,the swirl parameter in the
experiments !exp is always between the respective !0 and !1 and
usually slightly above !0 , thus satisfying the necessary condition
for the axisymmetric breakdown.

For each one of the experimentalpro� les, the relevantbreakdown
solutionof the ODE (5)was also computed.The resultingstagnation
zonesizedividedby thevortexcore radius[rb=rc]th is comparedwith
the experimental results of the vortex core expansions [rb=rc]exp as
reported by Leibovich3 (Table 1). A good agreement between the
theoretical predictions and the experimental results is found in all
cases. As can be expected, the present inviscid breakdown theory
predicts slightly larger breakdown zones. It is expected that viscous
effects result in the creation of an internal recirculation � ow in the
breakdown zone through the diffusion of momentum and energy
from the outer � ow into the separation zone, thus slightly reducing
the size of the breakdown zone predicted by the inviscid analysis.

Figure 5 describes the results according to our theory in terms
of the Rossby number Ro (Ref. 23). For a Q-vortex, we � nd
that Ro .!I ¯; ±/ D .1 C ±e ¡ 1:122

/=1:12!
p

¯. Lines corresponding
to Ro [!0.¯; ±/] are shown for ¯ D 4:0 (rc=rt D 0:56) and ¯ D
32.0 (rc=rt D 0:2). Steady axisymmetric breakdown states can oc-
cur when Ro < Ro [!0.¯; ±/]. Also shown in Fig. 5 are lines for
the criterion of Spall et al.,23 Ro < 0:65, and the criteria using
Rossby number according to Brown and Lopez,24 Ro <

p
.1 ¡

1=e/.1 C ±e ¡ 1:122
/=f1:12

p
[±.1 C ±=e/]g, andaccordingto Rusak,25

Ro < .1 C ±e ¡ 1:122
/=f1:12

p
[±.1 C ±/]g.

Table 1 Comparison of the theoretical predictions with
the experimental results of Garg and Leibovich34 and Leibovich3

± D W2=W1 ¯ D ®r2
t !exp D qj±j=W1 !0 !1 rb=rc jexp rb=rcjth

1.58 32.4 0.44 0.43 0.61 2.5 2.8
1.40 31.8 0.41 0.40 0.58 2.0 2.3
1.48 56.2 0.32 0.31 0.45 2.8 3.0

Fig. 5 Breakdown criteria for a Q-vortex according to various criteria.
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Figure 5 shows that Brown and Lopez24 and Rusak25 criteria
predict the possible existence of breakdown states at much higher
Rossby numbers than those predicted by the present theory, speci� -
cally when the axial jet parameter ± is small, ± < 0:5. Therefore, it is
clear that the present results always satisfy the necessary conditions
of Brown and Lopez24 and Rusak25 criteria. Moreover, accordingto
our theory,26 it is concluded that the breakdown states that may be
found in the range of Rossby number between the present calcula-
tions and the Rusak25 line are unstableto axisymmetricdisturbances
and will be convected out from the pipe domain after some time.
From this perspective, both Brown and Lopez24 and Rusak25 cri-
teria overpredict the range for the appearance of steady and stable
axisymmetric breakdown states.

Figure 5 also shows that the Spall et al.23 criterion is relevant in
some range of ± > 0:5. However, according to the present results,
when the vortical core radius of the vortex is small, rc=rt < 0:25 (or
¯ > 25:0) and ± < 0:3, we predict that steady breakdown states of
the Q-vortexcanbe foundevenwhen Ro > 0:65.From thisperspec-
tive the Rossby number criterion de� ned by Spall et al.23 may not
be suf� cient to describe all cases of steady and stable axisymmetric
breakdown states in a swirling � ow in a pipe. We, therefore, rec-
ommend use of the swirl ratio criterionvmax=w0 > .vmax=w0/0.¯; ±/
describedearlieras the guidingcriterionfor theaxisymmetricbreak-
down of a Q-vortex in a pipe.

Summary
This paper presents numerical calculations of the necessary and

suf� cient conditions for the axisymmetricbreakdownof a Q-vortex
in a pipe. These unique calculations are guided by a recent rigor-
ous theory on this subject by Wang and Rusak26 and Rusak and
Wang.27 We demonstrate that the fundamental characteristics that
lead to vortex instability and breakdown in high-Reynolds-number
swirling � ows are computed from the solutions of a single, non-
linear, reduced-orderODE, representing a columnar � ow problem.
The breakdown criteria for the Q-vortex for various core radii and
jet/wake axial � ow pro� les are described.Results show good agree-
ment with available experimental data of swirling � ows in a pipe.

The correlation between the present results and other criteria
for vortex breakdown is discussed. It is shown that both Brown
and Lopez24 and Rusak25 criteria overpredict the range for the ap-
pearance of steady and stable axisymmetric breakdown states. It
is also demonstrated that the Rossby number criterion de� ned by
Spall et al.23 may not be suf� cient to describeall casesof steady and
stable axisymmetric breakdown states in a swirling � ow in a pipe.

We propose use of the swirl ratio criterion .vmax=w0/ > .vmax=
w0/0.¯; ±/ described in Figs. 3 and 4 as the guiding criterion for the
axisymmetric breakdown of a Q-vortex in a pipe. Also, in the limit
of a small core radius (or large ¯ ), the present results may provide
the threshold swirl ratio for the breakdown of a free Q-vortex or
a partially bounded vortex such as the leading edge vortices above
delta wings.
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